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Abstract 
We show that there is a one-to-one natural correspondence between the axes in the 
Teichmiiller space T, (p > 1) and finite unions of finite sets (mod&o a Fuchsian group) on 
the boundary of the unit disk. As a corollary to this result we obtain a new proof of 
Thurston’s theorem that there is exactly one axis in T, which is invariant under a hyperbolic 
modular transformation. 
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Let S be a compact oriented differentiable surface without boundary of genus 
p > 1. We say that two pairs @ = (@,, Q2>, @’ = (@‘r, @,> of transverse measured 
foliations on S are topologically equivalent if there exists an automorphism y of S 
homotopic to the identity which sends singular points of @ to those of @‘, and 
which sends horizontal and vertical geodesics of @ to horizontal and vertical 
geodesics of @‘, respectively. Let 9XS) denote the space of topologically equiva- 
lent pairs of transverse measured foliations without saddle connections (no hori- 
zontal or vertical segments between the singular points) on S. We assume that S is 
endowed with a fixed conformal structure. Consider the lift of @ to the universal 
covering space of S (the unit disk U). A lift to U of a critical leaf of @, (@,I 
approaches the uniquely determined point on XJ which is called the endpoint of 
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the leaf. Let z be a point in U which projects to a singularity of @, and let A(z) be 
a pair of the finite sets of the endpoints of the lifts to U of the leaves of Q1 and Q2 
which stem from z. Let F = F(S) be the Fuchsian group of S. Two subsets A, A’ 
of XY are called equivalent mod&o F if there exists p E F such that p(A) =A’. Let 
n(Q) (n(Q) 6 4p - 4) be the number of singularities of @. Then there are exactly 
n(Q) pairs A(z) nonequivalent module F. Thus, we have obtained a map p from 
F(S) to finite unions of pairs of finite sets (module F) on &‘. It is easy to see that, 
if p(Q) = lJ{A(z,>}, then 
card A( zl) + card A( z2) + . . . +card A( z,(& - 4n( @) = 8( p - 1). 
Our main result is the following theorem. 
Theorem 1.3. p is an injectiue map. 
To prove the theorem we use some of the results of Marden and Strebel (see 
[6-81) on properties of the endpoints of lifts to U of trajectories of a quadratic 
differential on a Riemann surface. The essential element of the proof is that the 
topological structure of a pair of transverse measured foliations on S is uniquely 
determined by the combinatorics (the mutual position on XI> of the endpoints of 
lifts to U of its critical leaves. 
We apply the above results to study the action of the modular group M, on the 
Teichmuller space Tp of closed Riemann surfaces of genus p > 1. Let w E Mp ‘be a 
hyperbolic element (pseudo-Anosov automorphism). Bers [2] showed that there is 
a line (axis) I = Z(w) in T, left invariant by w. Let P(1) denote the class of all 
pseudo-Anosov automorphisms of S that leave I invariant. Besides the elements of 
P(f), there is a finite subgroup A(f) of M, having the same property. It consists of 
periodic elements of M, and its order /@A(f)) G 84(p - 1). There is a certain 
analogy between the axes in T, and the ones in the PoincarC disk. 
Lemma 3.3. Two pseudo-Anosou automorphisms g, g’ E P(1) if and only if there exist 
n, n’ f 0 such that g” = (8’)“‘. 
Nevertheless, as the following lemma shows, P(Z) is not cyclic. 
Lemma 3.4. There exists g, E P(l), such thar any g E P(1) can be represented in a 
unique way as g = g,“p, for some n # 0 and F E A(0 
Let g E P(f). Consider the lifts to the unit disk of positive g-iterates: g, g*, . . . , 
n g ,.... For each n > 0, a lift (g”)* has a finite number n((g”)“) < 8p - 4 of the 
alternating attracting and repelling fixed points on XJ. If (g”) * has more than four 
fixed points on XJ we denote their set by FP((g”) * >. There are a finite number 
(module F) of different FP((g”)*), n = 1, 2,. . . (actually, it is enough to take 
n = [(4p - 2>!12>. It can easily be shown that the sets FP((g”)* ), n = 1, 2,. . . , do 
not depend on g E P(1). Thus, we have constructed a map p” from the set of axes 
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in T, to finite unions of finite sets (mod& F) on &JLJ. Our next result is the 
following theorem. 
Theorem 3.2. p” is an injective map. 
Corollary. A pseudo-Anosov automorphism g E IV, is uniquely determined by its 
stretching factor A(g) and by the action ofg * (mod&o 8’) on the pairs FP ((g”) * 1. 
As a corollary to Theorem 3.2 we obtain Thurston’s result that there is exactly 
one axis which is invariant under w. A proof of the uniqueness of an axis in Tp,n 
based on the heights theorem for quadratic differentials was given by Marden and 
Strebel (see [9]). We note that all the proofs in the paper can be carried out 
without any substantial changes in the case where S is a surface with a finite 
number of punctures (see [8,121 for a relative discussion on lifts to U of pseudo- 
Anosov diffeomorphisms of a punctured surface). Another approach is to consider 
two-sheeted coverings of S with the ramification points over punctures (see [ll]). 
Finally, the author would like to thank Professor Richard Sher and the both 
referees for help in preparing the manuscript. 
1. The topological equivalence of pairs of transverse measured foliations on S 
A conformal structure on S is an orientation-preserving homeomorphism f : S 
+X from S to a Riemann surface X. Let q be a holomorphic quadratic 
differential on X. We assume that q is normalized, i.e., Jxl q I = 1. The quadratic 
differential q determines a linear element ds = I q 11’* on X. The horizontal 
(vertical) geodesics of q are defined as ds-geodesics along which q z 0 (q G 0). If a 
ds-geodesic passes through a critical point of q, or if at least one of its ends 
approaches a singular point of q, we call it critical. We always assume that there 
are no saddle connections, i.e., horizontal or vertical segments, between singular 
points of q. Horizontal and vertical geodesics of q form a pair Q4 = (@,,, @,> of 
transverse measured foliations on X. It follows that there exists a homeomorphism 
g : S +X homotopic to f such that g-‘(@,) is a pair of transverse measured 
foliations on S. Conversely, let @ = (@i, Q2) be a pair of transverse measured 
foliations on S. We can define local coordinates for S away from critical points by 
considering open rectangles with horizontal sides on leaves of @i and vertical sides 
on leaves of Qz without any singularities of @ inside. If we add to these rectangles 
the interiors of the unions of closed rectangles about each singular point, we 
obtain a Riemann surface X associated with @. We now define a quadratic 
differential q on X. This q is equal to dz2 on any rectangle which does not 
contain a singular point, and q = 1/4(n + 2j2z”dz2 on a neighborhood of a 
singular point, where n + 2 is equal to the number of leaves of @i (@,) stemming 
from the singular point. Then the horizontal and vertical geodesics of q coincide 
with the leaves of @i and Q2, respectively. By multiplying, if necessary, the 
transverse measures of @, and Q2 by the same number we can achieve the 
normalization of q. 
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Let U (the unit disk) be the universal covering space of X. Consider a lift 4 * of 
q to U. We recall some properties of lifts to the unit disk of geodesics of a 
quadratic differential (see [6,131X 
(a) Existence and uniqueness of geodesics. Any two distinct points of U can be 
joined by a unique geodesic arc of q *. 
(b) Two different horizontal geodesics cannot have a common endpoint on Xl. 
(c) Divergence principle. If cy is a horizontal geodesic arc and pr, & are vertical 
geodesics passing through the endpoints of cy, then /?r and & converge neither 
inside U nor on its boundary. 
Note 1. We have stated the divergence principle in the context of our work. For 
a more general statement see [131. 
Note 2. Since the vertical geodesics of q * are at the same time the horizontal 
geodesics of -q * , in all of the above statements “horizontal” may be substituted 
by “vertical” and vice versa. 
We keep the same notations @ = Q4 = (@,, QV> for the pair of transverse 
measured foliations associated with q * in U. Let zO E U be a singular point of @ 
of order k, 2 1. Then there exist k, + 2 critical vertical geodesics PI, &, . . . , 
P ko+2 issued from za. The collection of all horizontal geodesics passing through 
points of PI, P2,. . . , Pk,+2 forms @r = @r(z,), the first layer of Qh with respect to 
zO. Let z E cD1 be a singular point of @, and let (Y be a horizontal geodesic 
stemming from z which intersects one of PI, &, . . . , /3k,+2. Consider the horizon- 
tal geodesics (or, ay2 stemming from z which are adjacent to a. Let J(z) be the arc 
on XI between the endpoints of LY, and cy2 which does not contain the endpoint of 
(Y (see Fig. 1). We call J(z) an arc of the first order with respect to zO. Consider the 
set E = E, (z,) = &!J\ U J(z,), where U J(zi) is the union of all arcs of the first 
order with respect to z,,. 
Lemma 1.1. The point x is the endpoint of a noncritical horizontal geodesic of the first 
order with respect to zO if and only if x E E. 
Proof, Necessity follows from the divergence principle. We show that if x E E then 
there exists (Y c @, which converges to x. Let x belong to the sector S about zO 
bounded by two adjacent horizontal geodesics issued from za which contains pi, 
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l<i<ka+2, and by an arc J(S) on XJ. Let J cJ(S) be an arc of the first order 
with respect to z,,. Then there exists a critical point z, E @ such that the endpoints 
of J are at the same time the endpoints of horizontal geodesics from z,. Let y, be 
the point of intersection of pi with a horizontal geodesic from zJ. Thus, we have a 
one-to-one correspondence between the arcs of the first order with respect to zO 
on J(S) and points on pi. The arcs on J(S) of the first order with respect to zO can 
be divided into two groups dependent on whether they are to the right or to the 
left of x. Then the corresponding points on pi are divided into two classes Yi and 
Y,. It is easy to see that there exists a unique y E pi which is between the points of 
Yi and Y2. Indeed, if there is another such point yi, then consider the strip 
delimited by horizontal geodesics a and (pi from y and yi, respectively. This strip 
must contain singular points of @, and that contradicts the assumption that there 
are no arcs of the first order with respect to zO between the endpoints of (pi and 
cyZ. It follows that y is an accumulation point of at least one of the sets Y, or Y2. 
Then by a result of Marden and Strebel (see [7]), the endpoint of (Y coincides with 
x. cl 
Let z be a singular point of q *. We call the set A,(z) (A,(z)) of the endpoints 
of horizontal (vertical) geodesics which stem from z the horizontal fvertical) set of 
endpoints of @ associated with z (on XT). 
Lemma 1.2 (see Fig. 2). Let z,, z2 be two distinct singular point of @. Then: 
(a> All points of A,(z,) lie between two neighboring points of A,(z,). 
(b) Either all points of A,(r,) lie between two neighboring points of A,(z,), or 
there exists a uniquely determined point x E AJzz) which separates one of the points 
ofA,, from the rest. In the latter case, z1 E @,(z,). 
Cc) Let (Y be a noncritical geodesic of @,,, and let S be the sector at zz which is 
bounded by horizontal geodesics cy,, cy2 from zz and which contains (Y. Then (Y 
belongs to @,(z,) if and only if the endpoint of the vertical geodesic from z2 
contained in S separates the endpoints of cy. 
Cd) Let LX E Q1(zz) be a noncritical geodesic, and let x be the endpoint of cx. Then 
y E Ee,(z2) is the other endpoint of cy if and only if the endpoints of horizontal 
geodesics stemming from any singular point of @ do not separate x and y. 
Fig. 2. 
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Proof. (a) This follows from the fact that there are no saddle connections between 
singularities of @. 
(b) This follows from the divergence principle. 
(c) This follows from the definition of @,(zz). 
(d) Necessity is obvious. In order to prove sufficiency, we assume that there 
exists cy’ E @,(z,) different from N with y as its endpoint. Consider the strip 
S(CZ, cr’) in U delimited by LY and (Y’. There must be a singular point z E S(a, (Y’). 
Then the endpoints of horizontal geodesics stemming from z separate x from y 
(see Fig. 3). 0 
We assume now that S is endowed with a conformal structure fO : S +X,,. Let 
U be the universal covering space of X0, with projection map r: U -+ S, and let 
F = F(X,) be the Fuchsian group of X0. Then we can consider a-‘(@) for any 
pair of transverse measured foliations @ = (@,, @,I on S. 
Theorem 1.3 (topological equivalence of pairs of transverse measured foliations on 
S). Let @ = (@,, @z) and @’ = (@‘,, @;I be two pairs of transverse measured 
foliations with the same number II of singular points on S. Then @ and Qi’ are 
topologically equivalent if and only if there are points zl, z2,. . . , z, and z;, z;, . . . , 
zk in U which project to different singular points of @ and @‘, respectively, and such 
that A,(zi) =A,,(z:) and Av(zi) =A,(z:) for any 1 <i =G n. 
Proof. Necessity follows from the fact that if @ and @’ are topologically equivalent 
under an automorphism y of S, then there is a lift y * of y to U which is the 
identity on W. Let us prove the converse. Since the sets of singular points of @ 
and @’ are invariant under F, it follows that for any singular point z of @, there 
exists the uniquely determined singular point r(z) of @’ with the same horizontal 
and vertical sets of endpoints. Note that T(zi) = z:. Let (Y (0) be a critical 
horizontal (vertical) geodesic of @ stemming from z. Then we define T((Y) (r(p)) 
to be the critical horizontal (vertical) geodesic of @’ stemming from T(z) which 
connects r(z) with the endpoint of (Y (p). Let w E U be a nonsingular point of @. 
We show how to define T(w). Two cases are possible. 
Case 1: There is no critical horizontal or vertical geodesic of @ which passes 
through w. 
Fig. 3. 
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Let (Y be a horizontal geodesic of @i through w. Then there exists a singular 
point z of @ such that w E (Y c @i(z). Indeed, let zO ES be a singular point of @J, 
and let p be a vertical geodesic on S which stems from z,,. Then p is dense in S 
(see [13]). It follows that p intersects rrTT((~1 at z’ E S. Consider the step curve u on 
S which connects x(w) with zO and which is composed of the horizontal segment 
on rr((~) and the vertical segment on p which meet at z’. Now, we take z to be the 
endpoint of the lift of u from w. 
Claim. Let z be a singular point of @, and let CY be a noncritical horizontal geodesic 
of Q1 of the first order with respect to z. Then there exists a noncritical horizontal 
geodesic (Y’ of aj;, of the first order with respect to r(z), that has the same endpoints 
as ff on XJ. 
Proof. Let J(z’) be an arc of the first order with respect to z. Then the endpoints 
of J(z’) on XJ are completely determined by the combinatorics (the mutual 
position on XJ) of the points of A,(z’) =A,(T(z’)) with respect to the points of 
A,(z) =A,,(r(z)). Namely, by Lemma 1.2, there exists a uniquely determined 
point x EA,(z) that separates one of the points, say x’, of Ai, from the rest. 
Then the endpoints of J(z’) are the points of A&z’) which are adjacent to x’. It 
follows that E@(z) = E&T(z)). 
Let x and y be the endpoints of (Y. Then x,y E&,(Z). By Lemma 1.1, x and y 
are the endpoints of noncritical horizontal geodesics a’, (Y” of @’ of the first order 
with respect to r(z). It follows from (d) of Lemma 1.2 that a! = cr”. 
We define T(a) = a’. Similarly, if p E GZ is a vertical geodesic through w, there 
exists p’ E @; with the same endpoints as p. The endpoints of (Y are separated by 
the endpoints of /3. It follows that (Y’ and p’ intersect at w’ E U. By the uniqueness 
of the geodesic through two given points, LY’ and p’ do not have any other common 
points in U. We define T(w) = w’. 
Case 2: There is a critical horizontal or critical vertical geodesic of @ which passes 
through w. 
Let us assume that there is a critical horizontal geodesic LY of @i passing 
through w, and let z be the singular point of @ contained in (Y. Let p be the 
vertical geodesic through w. We show that T(cu) and r(p) have nonempty 
intersection in U. Indeed, if /? is noncritical, then the endpoints of p are separated 
by either one of the two geodesics composed of (Y and to an adjacent to (Y 
horizontal geodesic of @i issued from z (see Fig. 4). Since the endpoints of T((Y) 
and r(p) coincide with the endpoints of (Y and /?, respectively, it follows from 
Lemma 1.2 that T(a) n r(p) z ti. By the property of the uniqueness of geodesics, 
it follows that T(cu) n r(p) is a single point. 
Let us assume that /? is a critical vertical geodesic that contains a singular point 
z’ of @. Then there are at least two different geodesics composed of (Y and other 
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Fig. 4 
horizontal geodesics of @i issued from z that separate the endpoint of p from the 
remaining points of A,(z’) (see Fig. 4). By Lemma 1.2, r(a) f7 r(p) # @. We 
define T(w) = T(a) f~ r(p). 
Thus we have constructed a map r : U -+ U. Similarly, we could construct a map 
r-l. It follows that r is a bijective mapping of U onto itself which sends the 
singular points of @ onto those of @‘, and which sends the horizontal and vertical 
geodesics of @i and Q2 onto those of CD; and c&, respectively. We note that, if 
w E U and (Y (p> is a horizontal (vertical) geodesic through w, then T(U) (r(p)) is 
a horizontal (vertical) geodesic through T(w) with the same endpoints as (Y(P) on 
NJ. 
To show that r is continuous at w E U, we first assume that w is a nonsingular 
point of @ and consider a rectangular neighborhood II of T(w), delimited by 
noncritical horizontal geodesics (Y,, LY* and by noncritical vertical geodesics pi, & 
of @‘. Then, if (Y is the noncritical horizontal geodesic of @’ passing through 
y E n, the endpoints of (Y separate the endpoints of r_xi from those of (Ye, and 
separate the endpoints of both pi and p2. But, the same property uniquely 
characterizes the endpoints of noncritical horizontal geodesics of @ in the strip 
between r-‘(cu,) and rP1(cy2). It may similarly be shown that r-‘(II> belongs to 
the strip between r-l@,) and P’(&>. It follows that r-‘(n) is a rectangular 
neighborhood about r-‘(w). This implies that r is continuous at w. 
When w is a singular point of @J we can consider a 2(n + 2)-polygon II about 
T(w) composed by interchanging noncritical horizontal and noncritical vertical 
geodesics of @’ (see Fig. 5). A similar argument shows that r-‘(II> is a 262 + 2)- 
polygon about w. It follows that r is continuous in U. 
Fig. 5. 
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We now show that r is invariant under F. Let I_L E F, and let LY and j3 be, 
respectively, horizontal and vertical geodesics passing through w E U. Then pal 
and p(p) are horizontal and vertical geodesics passing through p(w). It follows 
that p(T(a)) = ~(P((Y)), and &Q>> = r(&3>>. This implies that &Yw)) = 
r(p(w)). We can conclude that r is a lift of y : S + S. By the same token r- ’ is a 
lift of y-l. We note that r = 1 JaU. It follows that y is a homeomorphism of S onto 
itself which is homotopic to the identity. 0 
2. Pseudo-Anosov diffeomorphisms of S 
We recall that an automorphism g : S + S is called a pseudo-Anosov diffeomor- 
phisrn of S if there is a pair of transverse measured foliations @ = (@,, @z) on S, 
such that g sends singular points of @ onto themselves and preserves horizontal 
and vertical geodesics of @i and a2, respectively, while increasing horizontal and 
decreasing vertical lengths by the same factor h(g) > 1. In this case we say that g 
acts on @, and we call @ a pair of transverse measured foliations associated with g. 
It is easy to see that transverse measures for @i and Qp, are not uniquely 
determined. For any A,, A, > 0 the pair Qi’ = (h,@r, A,@,) is a pair of transverse 
measured foliations associated with g. We always assume that @ is normalized, 
i.e., /,I 4 I = 1, where X is the Riemann surface, and 4 is the quadratic differential 
associated with @ on S (see the first section). The transverse measures for @i and 
Q2 are uniquely ergodic (see [4,81). This means that if k1 &,), llji (&J are two 
transverse measures for @i (@z>, then pi = Ic$i (pcLz = k-‘d,) for some k > 0. We 
will need the following result of Thurston on lifts of pseudo-Anosov diffeomor- 
phism to the unit disk. 
Theorem 2.1 (Thurston [3,8,12,14]). Let g * be a lift to U of a pseudo-Anosov 
diffeomorphism g. 
(a) Suppose that g * fties a point z E U. In this case, z is the only fixed point of g * 
in U. Also, g * has exactly 2n periodic points on XJ, where n is the number of the 
horizontal (vertical) geodesics stemming from z. The endpoints of the horizontal 
(vertical) geodesics are attracting (repelling) periodic points of g *. In addition, g * 
permutes the periodic points on NJ in the same manner as g permutes the critical 
directions from z. 
(b) Otherwise, g * has exactly two fied points on XJ. One of them is attracting and 
the other one is repelling. Positive iterates of any point of U under g * converge to the 
attracting fuced point. 
Note. The dynamics of g * on NJ were already known to Nielsen (see [5,101). 
Corollary. Let g * have more than four faed points on NJ. Then there is a unique 
fixed point z of g * in U. The point z is a singular point of g. 
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The following lemma shows that @ is uniquely (up to scalar multiple) deter- 
mined by g. 
Lemma 2.2. Let @ and @’ be two pairs of transverse measured foliations associated 
with a pseudo-Anosov diffeomolphism g. Then CD’ = (k@,, k-l@,) for some k > 0. 
Proof. Since g permutes the singularities and critical directions of both @ and @‘, 
there exists n > 0 such that f = g” fixes the singularities and does not rotate the 
critical directions of both @ and @‘. It is easy to see that f is a pseudo-Anosov 
diffeomorphism of S and that f acts both on @ and @‘. Let z be a singular point 
of @. Consider a lift f * of f to U which fixes a point zO E U that projects to z. By 
Thurston’s theorem, f * has more than four fixed points on &!J. This implies that 
zO is a singular point of @‘, and that the set of the endpoints of the horizontal and 
vertical geodesics of @’ issued from zO is identical with that of @. The points of U 
on vertical geodesics are uniquely characterized by the property that their positive 
f *-orbits converge to z,, (see [S]). This implies that they coincide. Let p be a 
vertical geodesic of @ (@‘> issued from zO. Then r(p) is dense in S (see [4,13]). 
Let x E S be a regular point of @ (@‘). Consider a vertical segment b of @ 
through x that does not contain critical points. Then b is the limit set of a 
sequence of segments of /3. It follows that b is contained in a leaf of @‘. This 
implies that Q2 coincides with @;. By the unique ergodicity property, @; = k,@, 
for some k, > 0. Similarly, we can show that Pi = k,@, for some k, > 0, if we 
consider g-i instead of g. The lemma follows now from the fact that Q, and @ 
are normalized. q 
Consider the positive g-iterates: g, g2,. . . . It is easy to see that g”, n > 1, is a 
pseudo-Anosov diffeomorphism that acts on @ with the factor equal to F(g). 
Conversely, let g, be a pseudo-Anosov diffeomorphism of S such that (g,)” = g, 
n > 1. Then by Lemma 2.2, @ is also a pair of transverse measured foliations 
associated with g,. Let P(Q) denote the class of all pseudo-Anosov diffeomor- 
phism of S that act on @, and let m(Q) = min, t p(&(g). As the following lemma 
shows, m(Q) is attained on an element of P(Q). 
Lemma 2.3. There exists g, E P(Q) such that A(g,) = m(Q). 
Proof. Let us assume that m(Q) <h(g) for any g E P(Q). Then there exists an 
infinite sequence g,, g,, . . . , g,, . . . of elements of Z’(Q) such that 
h(g,) >h(g,) > ... >A(g,) > . . . . 
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Consider 81, =g;‘g,_,. It is easily seen that g; E PC@,) and A(gk) + 1. Consider 
f, = (gLjk, where k = [(4p - 2)!12. Then f, E P(Q) and A(f,J + 1. We note that f, 
fixes the singularities of @ and does not rotate the critical directions from them. 
Let x E S. Then f,$x> +x uniformly on S in the metric determined by a 
quadratic differential associated with @. Indeed, let E > 0. Consider a critical 
horizontal geodesic (Y issued from a singularity of @. Since CY is dense in S, this 
implies that there is a critical segment a, which is contained in cy, and such that 
the distance between any point of S and a is less than E. It follows that, when 
A(f,) is close to 1, f,(x) approaches x. 
Let C be a simple closed curve on S. Then f,(C) belongs to an a-annular 
neighborhood of C, for some n > 0. It follows that f,,(C) is homotopic to C. This is 
a contradiction. q 
Let g be a pseudo-Anosov diffeomorphism of S. We say that g is elementary if 
A(g) = m(Q), where @ is a pair of transverse measured foliations associated with 
g. 
Corollary. Let g, g, E P(Q), and let g, be elementary. Then A(g) = A” (g,) for some 
n > 0. 
Proof. There exists k > 0 such that Ak(gO> <A(g) < Ak+‘(gO). If Ak(go> = A(g) we 
are done. Let us assume that Akk(g,) < A(g). Now look at f = (gO>-kg. It is easy to 
see that f E P(Q) and that A(f) < A(g,). This is a contradiction. 0 
Let A(@) denote the class of automorphisms of S which preserve @, i.e., 
4 EA(@) if and only if 4(@i, @,I = (@,, Q2). Let f: S +X be the conformal 
structure on S associated with @. Then fA(@)f-’ is a subgroup of the group of 
conformal isomorphisms of X. It follows that A(@) is a finite group which consists 
of periodic automorphisms of S. Let ord(A(@)) denote the number of elements of 
A(@). It is well known that ord(A(@P)) G 84(p - 1). 
Lemma 2.4. Let @ be a pair of transverse measured foliations associated with a 
pseudo-Anosov diffeomorphism of S, and let g, E PC@) be elementary. Then, for any 
g E P(Q), there exists cp EA(@) and n > 0 such that g = cpgt. 
Proof. By the Corollary to Lemma 2.3, there exists n > 0 such that A(g) = A”(g,). 
Consider cp = gg;“. It is obvious that cp EA(@). q 
Lemma 2.5. Two pseudo-Anosov automorphisms g, g’ act on the same pair of 
transverse measured foliations (up to scalar multiple) if and only if there exist n, 
n’ > 0 such that gn = (g’)“‘. 
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Proof. Let g, g’ act on the same pair of transverse measured foliations @. 
Consider an elementary pseudo-Anosov diffeomorphism g, E PC@>. By the Corol- 
lary to Lemma 2.3, there exists m > 0 such that A(g) = P(gJ. By Lemma 2.4, 
there exists cp EA(@) such that gk = cpg,k”, where k = [(4p - 2>!]‘. Since both gk 
and grk fii the singularities of @ and do not rotate the critical directions from 
them, it follows that q fixes the points on any critical direction LY. Since (Y is dense 
in S, this implies that cp is the identity map of S. Similarly, it can be shown that 
there exists k’, m’ > 0 such that (g’jk’ = gi’. We can now take IE = km’ and 
n’ = kk’m. 
Conversely, let g, g’ act on pairs of transverse measured foliations @, @‘, 
respectively. This implies that g” acts on @ and (g’)“’ acts on @‘. By Lemma 2.2, 
@ = @ (up to scalar multiple). 0 
Let @ and @’ be two pairs of transverse measured foliations on S, topologically 
equivalent under an automorphism y : S -+ S homotopic to the identity. We say 
that @ and Qi’ are equivalent if r(@r, Q2) = (k@;, k-l@;) for some k > 0. It 
follows from the unique ergodicity theorem for a pair of transverse measured 
foliations associated with a pseudo-Anosov diffeomorphism of S that two pairs @ 
and @’ associated with pseudo-Anosov diffeomorphisms are topologically equiva- 
lent if and only if they are equivalent. 
Let Q, be a pair of transverse measured foliations associated with a pseudo- 
Anosov diffeomorphism g. Then [@I denotes the class of equivalent pairs of 
transverse measured foliations on S that contains @. We say that two pseudo- 
Anosov diffeomorphisms g and g’ are strongly conjugate if there exists a homeo- 
morphism y of S which is homotopic to the identity, such that g’ = y-igy, and 
such that if @ and @’ are two pairs of transverse measured foliations associated 
with g and g’, respectively, then @ and @’ are equivalent under y. It can easily be 
seen that if g and g’ are strongly conjugate, then @ and @’ are equivalent. 
Lemma 2.6. Two pairs @ and @’ of transverse measured foliations associated with 
pseudo-Anosou diffeomorphism g and g’, respectively, are equivalent if and only if 
there exist n, n’ > 0 such that g” and (g’)“’ are strongly conjugate. 
Proof. It suffices to prove necessity. Let @ and @’ be equivalent. Then there exists 
an automorphism y of S, which is homotopic to the identity, such that y(@) = @‘. 
Consider f= ygy-r. It is easy to see that f acts on @‘. By Lemma 2.5, there exist 
n, n’ > 0 such that f n = (g’)“‘. This implies that yg”y-’ = (g’)“‘. 0 
Let n(Q) denote the number of singular points of @. By Theorem 1.3, [@I is 
uniquely determined (module F) by the finite number of sets Ah(zl), 
A&z,),.. ., A,(z,(,,); A,(zl), A,(Q) ,..., A,(z,(& of the endpoints of the criti- 
cal horizontal and vertical geodesics from singularities zi, z2,. . . , z,(@) of @ in U 
which are nonequivalent under F. On the other hand, by Theorem 2.1 those sets 
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are, respectively, the fixed attracting and the fixed repelling points of lifts of a 
positive power of g to U which fixes the singular points of Qi and does not rotate 
critical directions. By Lemma 2.6, they do not depend on g E P(@‘>, @’ E [@I. Let 
F’(S) denote the space of equivalent pairs of transverse measured foliations 
associated with pseudo-Anosov diffeomorphisms of S. We have obtained a map p’ 
from 9’(S) to finite unions of finite sets (module F) on aU. The following result 
follows now from Theorem 1.3. 
Theorem 2.7. p’ is an injective map. 
3. Applications to Teichmiiller spaces 
First we recall some definitions and facts from Teichmiiller theory (for a more 
detailed treatment see [l] or 121). We say that two conformal structures f1 : S + X,, 
f2 : S -X, are equivalent if the following diagram is commutative. 
fl 
s - x, 
where ‘pl is a homeomorphism homotopic to the identity and (p2 is 
mapping from X, to X,. The equivalent conformal structures on 
Teichmiiller space T = T,. Let f : S +X be a conformal structure on 
denotes the equivalence class of T that contains f. 
a conformal 
S form the 
S. Then [f] 
Teichmiiller’s theorem states that if g : X -+ X’ is an orientation-preserving 
homeomorphism between Riemann surfaces, then there exist uniquely determined 
normalized quadratic differentials q and q’ on X and X’, respectively, there exists 
a homeomorphism g, from X to X’ homotopic to g, and there exists K > 1 such 
that g,(K’/2@,, K-‘/2@V) = <@‘,, @iI. It follows that if f1 : S -+X1, f2 : S -+X2 
are two conformal structures on S, there exist uniquely determined normalized 
quadratic differentials q and q’ on X and X’, respectively, such that the pairs of 
transverse measured foliations f;‘<@,> and fil(Qq,) are equivalent. The 
Teichmiifler distance between [ fll and [f21 is defined as d,([ f,], [f21) = l/2 log K. 
It is easy to see that g is a pseudo-Anosov diffeomorphism of S if and only if there 
exists a conformal structure f : S +X and there exists a Teichmiiller self-mapping 
cp :X --f X such that g = f- ‘cpf. By abuse of language, we also call p a pseudo- 
Anosov diffeomorphism of X. 
Let f : S +X be a conformal structure on S, and let q be a quadratic 
differential on X. Consider a pair Q,(k) = (k@,, k-‘@,), where k > 0. This pair 
Q,(k) determines a conformal structure on S (see the first section). When k runs 
through all positive numbers we obtain the Teichmiiller line lCfl,4 in T (through [f I 
determined by q). This implies that if @ = (@,, @,> is a pair of transverse 
measured foliations on S, then [@I determines the Teichmiiller line I[@, through 
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the conformal structure associated with @. Let @ * = (Q2, @il. We call @ * ([@ * 1) 
dual to CD ([@]I. It is easy to see that [@‘I and [@“I determine the same line in T, if 
and only if they are dual to each other. It is convenient to think of Teichmiiller 
lines in T, as dual pairs of classes of equivalent pairs of transverse measured 
foliations on S. 
Let MS) be the mapping class group of S. Consider an automorphism 
y E M(S). Then y induces an automorphism of T by the formula y,([f]) = [ fy]. 
The transformations y, form the Teichmiiller modular group, for which we keep 
the same notation M(S). We say that y, is a hyperbolic modular transformation if 
there exists f, : S +X1, such that 
dT([fIl, y,([fll)) =;:;d,([f 1, Y,([f I>) # 0. 
G‘ 
In this case we say that fl is ye-minimal. Let y, be a hyperbolic modular 
transformation. Then Bers [21 showed that: 
(1) f, is y -minimal if and only if the Teichmtiller self-mapping of X, homo- 
topic to fiyffl, is a pseudo-Anosov diffeomorphism of Xi. 
(2) fl is ye-minimal if and only if the Teichmtiller line 1, between [ fl] and 
y,([ f, I) is invariant under y, . In this case any point on I, is y*-minimal. 
In terms of pairs of transverse measured foliations, Bers’ result implies that a 
Teichmiiller line I, is invariant under a hyperbolic modular transformation y, if 
and only if there exists a pseudo-Anosov diffeomorphism g of S homotopic to y 
that acts on a pair of transverse measured foliations @, such that I, = flGl. We call 
such a line I, an axis (invariant under y,>. We recall that Y’(S) denotes the 
subspace of F(S) formed by the pairs of transverse measured foliations associated 
with pseudo-Anosov diffeomorphism of S. The following lemma is self-evident. 
Lemma 3.1. There is a one-to-one correspondence between the dual pairs of elements 
of S’(S) and the axes in T,. 
We showed in the previous section that the elements of F’(S) are uniquely 
represented as finite unions of finite sets on &!J which are uniquely determined 
mod&o F. Namely, if @ E F’(S), then p’(Q) is a finite union of sets of the fixed 
attracting and the fixed repelling points of nonequivalent lifts to U of a positive 
power of g which fixes the singular points of @ and does not rotate the critical 
directions. By Theorem 2.1, those sets are the sets of the fixed attracting and the 
fixed repelling points of lifts to U of positive iterates of g which have more than 
four fixed points on au (actually, it is enough to consider gk, where k = [(4p - 
2)!12>. The following theorem now follows from Theorem 2.7 and Lemma 3.1. 
Theorem 3.2. There is a one-to-one correspondence between the axes in T, and finite 
unions of sets on XJ of the fixed attracting and the fixed repelling points of 
nonequivalent lifts to U of positive iterates of pseudo-Anosov diffeomorphisms of S 
which have more than four fi)ced points on NJ. 
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Note. It follows from Lemma 3.1 that the sets of the fixed attracting and the 
fixed repelling points in Theorem 3.2 are interchangeable. 
Corollary (the uniqueness of an axis in T, invariant under a hyperbolic modular 
transformation). Let y, be a hyperbolic modular transformation. Then there is 
exactly one axis in T, which is invariant under y,. 
Proof. Let us assume that axes 1 and E’ in T, are invariant under y,. Then there 
exist pseudo-Anosov diffeomorphisms g and g’ of S, both homotopic to y, that act 
on pairs of transverse measured foliations @ and @‘, respectively, such that 1 = I[@, 
and I’ = Zlvl. Since the lifts of gk and (g’jk, k = [(4p - 2>!12, to U generate the 
same sets of the fixed attracting and fixed repelling points on NJ, it follows from 
Theorem 3.2 that I = E’. 0 
Let P(I) denote the class of all hyperbolic modular transformations of T, which 
leave invariant the axis 1. 
Lemma 3.3. Two hyperbolic modular transformations cp, cp’ E P(1) if and only if there 
exist n, n’ f 0 such that (pn = (cp’)“‘. 
Proof. Consider [@I such that I= llGl. There exist pseudo-Anosov diffeomorphisms 
g and g’ of S, homotopic respectively to cp and to 40’ ((cp’)-‘1, that act on pairs of 
transverse measured foliations Q, and Qb’ which belong to [@I. Since @ and @’ are 
equivalent, it follows from Lemma 2.6 that there exist n, n > 0 such that g” = (g’)’ 
are strongly conjugate. It follows that (pn = (q’jn’. q 
Let A(Z) denote the class of all periodic elements of M(S) which leave 1 
invariant. Let @ be such that 1= IlO]. Since elements of A(1) are conformal 
automorphisms of the Riemann surface associated with @, it follows that A(I) is a 
finite subgroup of M(S). 
Lemma 3.4. There exists (pO E P(l), such that any cp E P(l) can be represented in a 
unique way as cp = FL(P:, for some n Z 0 and p EAW. 
Proof. Let cp E P(I). There exists a pseudo-Anosov diffeomorphism g of S homo- 
topic to 9, and there exists a pair @ of transverse measured foliations associated 
with g such that I= 1t@l. By Lemma 2.4, there exists an elementary pseudo-Anosov 
diffeomorphism ‘pO which acts on @ such that g = CL& n # 0, where p is a 
periodic automorphism of S. It follows that 9 = ~9:. We note that ‘pa is deter- 
mined by @ (though not necessary uniquely). In the case of @ * , we may take cp; ‘. 
To prove the uniqueness, let us assume that I_L& = $~o;;), where d EAW. Since 
‘pO is not periodic, it follows that n = n’. This implies that p = $. q 
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